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Abstract. In this paper, the description of biharmonic map equa- 
tion in terms of the Maurer-Cartan form for all smooth map of a 
compact Riemannian manifold into a Riemannian symmetric space 
(G/K, h) induced from the bi- invariant Riemannian metric h on G 
is obtained. By this formula, all biharmonic curves into symmetric 
spaces are determined, and all the biharmonic maps of an open 
domain of W 2 with the standard Riemannian metric into (G/K, h) 
are characterized. 

I. Introduction and statement of results. 

This paper is a continuation of our previous one [15]. In our previous 
paper, we discussed about the description of biharmonic maps into 
compact Lie groups in terms of the Maurer-Cartan form, and gave 
their explicit constructions. In this paper, we want to extend them to 
biharmonic maps into Riemannian symmetric spaces. 

The theory of harmonic maps into Lie groups, symmetric spaces or 
homogeneous spaces has been extensively studied related to the in- 
tegrable systems by many authors (for instance, [14], [17], [3], [18], 
[9], [10], [11], [13], [2]). In particular, the moduli space of harmonic 
maps of 2-sphere into symmetric spaces was completely determined 
(cf. [3], [5], [13]). Let us recall the loop group formulation of harmonic 
maps into symmetric spaces, briefly. Let <p be a smooth map of a Rie- 
mann surface M into a Riemannian symmetric space (G/K,h) with 
a lift ip : M — > G so that ir o tp = (p. Let g = i © m be the corre- 
sponding Cartan decomposition of the Lie algebra g of the Lie group 
G. Then, the pull back a = ip~ 1 dip of the Maurel-Cartan form on G 
is decomposed as a = at + a m , correspondingly. Let us decompose 
a m into the sum of holomorphic part and the anti-holomorphic one: 
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«m = a m + a m"- Then, one can obtain the extended solution if) of M 
into a loop group AG satisfying that ip^dip = \a m ' + at + \~ 1 a m " for all 
A g 17(1) = {A G C : |A| = 1}. (cf. [3]). Then, </? : M -> (G/K, h) is 
harmonic if and only if there exists a holomorphic and horizontal map ^ 
of M into the homogeneous AG/K with ipi = ip (cf. [3], p. 648). Then, 
one can obtain Weierstrass-type representation of harmonic maps (cf. 
[3], pp. 648-662). 

On the other hand, the notion of harmonic map has been extended 
to the one of biharmonic map (cf. [4], [7]). In this paper, we wil 
describe biharmonic maps into Riemannian symmetric spaces in terms 
of the pull back a = at + a m of the Maurer-Cartan form (cf. Theorem 
3.6), give some explicit solutions of the biharmonic map equation in 
Riemannian symmetric spaces, and construct several biharmonic maps 
into Riemannian symmetric spaces (Sections 4 and 5). 

Acknowledgement: The author expresses his gratitude to Prof. J. 
Inoguchi and Prof. Y. Ohnita who gave many useful suggestions and 
discussions, and Prof. A. Kasue for his financial support during the 
preparation of this paper. 

2. Preliminaries. 

In this section, we prepare general materials and facts harmonic 
maps, biharmonic maps into Riemannian symmetric spaces (cf. [8]). 

2.1. Let (M,g) be an m-dimensional compact Riemannian manifold, 
and the target space (N, h) is an n-dimensional Riemannian symmet- 
ric space (G/K, h). Nemely, let g, t be the Lie algebras of G, K, and 
g = t © m is the Cartan decomposition of q, and h, the G-invariant 
Riemannian metric on G/K corresponding to the Ad(TT)-invariant in- 
ner product ( , ) on m. Let k be a left invariant Riemannian metric 
on G such as the natural projection n : G — > G/K is a Riemannian 
submersion of (G,k) onto (G/K,h). For every G°° map (p of M into 
G/K, let us take its (local) lift ip : M — >■ G of tp, i.e., tp — 7r o i/j, 
p(x) = ip{x) K G G/K (x G U C M), where U is an open subset of 
M. 

The energy functional on the space G°°(M, G/K) of all G°° maps of 
M into G/K is defined by 



E(<p) = \f \dp\ 2 v g , 

Z JM 
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and for a C°° one parameter deformation tp t e C (X '(M,G/K) (— e < 
t < e) of <p with </? = ip, the /irsi variation formula is given by 

E(<pt) = - f M<p),V)v g , 

JM 



dt 



t=o 



dt 



t=0 



ft 



where V is a variation vector field along <p defined by V 

which belongs to the space T((p~ 1 T(G / 'K)) of sections of the induced 
bundle of the tangent bundle T(G/K) by (p. The tension field r(p) is 
defined by 



r (f) =J2B((p)( ei ,ei), 



(2.1) 



where 



B(p)(X,Y) = Vl (x MY) - dp(V x Y) 



for X, Y e X(M). Here, V, and V h , are the Levi-Civita connections of 
(M,g) and (G/K,h), respectively For a harmonic map ip : (M,g) — >■ 
(G/K, h), the second variation formula of the energy functional -E(y?) 
is 

f/ ' = / (J(V),V)t; fl 



dt 2 



t=0 



where 



J(V) 



AV-K(V), 

# m _ _ 

V W = -£{V ei (V ei y) _ Vv.e.V}, 



7e(y):=£^(y,^( ei ))^( ei ). 



(2.2) 
(2.3) 

(2.4) 



i=i 



Here, V is the induced connection on the induced bundle tp X T{G/K), 
and is R h is the curvature tensor of (G/K, h) given by R h (U, V)W = 
[V£, V h v ]W - V\ uy] W (U, V,We X{G/K)). 
The bienergy functional is defined by 



E2b) = U\(d + 6)*<p\ 2 v g = U\T(<p)\ 2 v g , 

I JM I JM 



(2.5) 



and the first variation formula of the bienergy is given (cf. [7]) by 
d 



dt 



E 2 (p t ) = - I {t 2 (<p),V)v, 
t=o Jm 



where the bitension field T2((p) is defined by 

r 2 (p) = J(r(p))=Ar(p)-n(r(p)), 



(2.6) 
(2.7) 
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and a C°° map ip : (M,g) — > (G/K, h) is called to be biharmonic if 

T 2 (<p) = 0. (2.8) 

2.2. Let k be a left invariant Riemannian metric on G corresponding 
to the inner product (•, ■) on g given by (•, •) = —B(-,-) if (G/K,h) 
is of compact type, and by (U + X, V + Y) = -B(U, V) + B(X, Y) 
(U, Vet, X,"Kem) if (G/K, h) is of non-compact type. Here, B(-, •) 
is the Killing form of g. Then, the projection it of G onto G/K is a 
Riemannian submersion of (G, k) onto (G/K, h), and we have also the 
orthogonal decomposition of the tangent space T^ X )G (x G M) with 
respect to the inner product k^ x )(-, ■) (x G M) in such a way that 

T^G = V^ x ) © H^ x ), (2.9) 
where the vertical space at ip(x) EG is given by 

V^ x) = Ker(7r*^(a.)) = {X^ x) \X G Z}, (2.10) 
and the horizontal space at ip(x) is given by 

% = {^ (l) |yem}, (2.11) 

corresponding to the Cartan decomposition g = t © m. Then, for every 
C°° section W G r(^~ 1 TG), we have the decomposition corresponding 
to (2.9), 

W(x) = W v (x) + W H (x) (x G M), (2.12) 

where W y , (denoted also by VW , %W, respectively) belong to 

T(ip~ 1 TG). We denote by T(E), the space of all C°° sections of a vector 
bundle E. For Y G m, define f G F^TG) by F(x) := Y^ (x) (x G 
M). Let {Xi}? = 1 be an orthonormal basis of m with respect to the 
inner product (•, •) of g corresponding to the left invariant Riemannian 
metric k on G. Then, W H can be written in terms of X t as 

n 

w H = -£fi x i 

i=i 

where fa G C°°(M) (i — 1, • • • , n). Because, for every x G M, W H (x) G 
H^( x ), so that we have 

n n 

i=i i=i 

We say W G Y^TG) and V G T^T^G/K)) are Tx-related, 
denoted by V = n*W, if it holds that 

V(x) = tt*W(x) (x G M), 
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where 7r* : T^^G — > T^ X }{G / K) = T n ^( x ^(G / K) is the differentiation 
of the projection tt of G onto G/K at ip(x) for each x G M. 

Let be V, V fc , V h , the Levi-Civita connections of (M,g), (G,k), 
(G/K,h), and V, V, the induced connection of V fc on the induced 
bundle ip^^-TG by ip : M — > G, and the one of V h on the induced 
bundle cp~ 1 T(G / K) by up : M -+G/K, respectively. 

Lemma 2.1. Assume that W G T(ip~ l TG) and V G V(^- 1 T(G/K)) 
are it -related, i.e., V — n*W. 

(1) Then, we have 

V x V = 7r^ x)H W H , (2.13) 

where (ip^X) 11 is the horizontal component ofip^X for every C°° vector 
field X onM. 

(2) // we express W H = £™ =1 fcXi and {^X) H = E"=i&^ where 
fi, gj G C°°(M) (i, j = 1, • • • ,n) ; i/ien, holds that 

in rt 
i,j=l i=l 

(xGM), (2.14) 

correspondingly. 

(3) For every a; G M 7 we have 

_ n 

V x V(x) = J2 X *((W,X iHx) ))Tr*{X i , l){x) ). (2.15) 
i=i 

Here, it holds that ir*(X^,( x -)) = t^( x )*ir*(X) (X G mj, where t a is the 
translation of G/K by a EG, i.e., t a {yK) := ayK (y G G). 



Proof. (1) Due to Lemmas 1 and 3 in [13], p. 460, we have 
^xV = V h VtX V 
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(2) Indeed, we have 

n 

n / n \ 

J'=l V*=l / ^(x) 



= _£>,■(*) {(XjMWXiix) + f t (x) (v k x x tJ ^ {x) 

jj=l 

i,j=l i=l 



since it holds that 

( v k x ^ {x) = L ^*( v k x *)e 

and [m,m] C I For (3), notice that W H = E?=i(W, X^) %. Due to 
(1), (2), we have (3). ' □ 

Lemma 2.2. Under the same assumption of Lemma 2.1, we have, 

_ n 

Vx(VyV) = Y.X x {Y{W,X im ))^{X^ {x) ) e T V{X) (G/K), 

<=i (2.16) 

at each x G M , for every C°° vector fields X and Y on M. 

Proof. Let Z := V Y V G T (^T (G / K)) . Then, by Lemma 2.1 (1), we 
have 

V X (V Y V) = V X Z = 7i^ x) hZ h (2.17) 
where by Lemma 2.1 (3), we have for every y G M, 



Z H (y) = J2Y y (W,X ii , { . ) )X,, 



i=l 



Z(y) = n*Z H (y) G T^ y) {G/K) and Z G Y {^ l T {G / K)) . Then, at 
each x G M, the right hand side of (2.17) which belong to T^ X )(G/K), 
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coincides with the following: 

n 

^X X (Z ,Xj^.)) 7r*(X,-^( x )) 

3=1 

n n 

j=l i=l 
n 

= ^2 X x (Y,(W,Xi^)) 5ijir*(Xj^( x )) 

i,3=l 
n 

— ^2 X x (Y,{W,Xi^)) 7r*(X,-^( x )). 
i=i 

Thus, we have (2.16). □ 



Proposition 2.3. TTie rough Laplacian A acting on T(uj l T(G/K)) 
can be calculated as follows: For V G r(ip~ 1 T(G/K)) with V = n*W 

forW er^-^G), 

(AV)(x) = £ A, (W,X iW ) 7r,(X^ (ie) ) G T V{X) (G/K), 

i=i (2.18) 

/or eac/i x G M. Here, since f : M9i4 Xi^ x ))^ x ) EM is a 

(local) C°° function on M, the Laplacian A x = 5 d acting on C°°(M) 
works on f. 

Indeed, if we recall the definition (2.3) of the rough Laplacian A, 
and due to Lemmas 2.1 and 2.2, we have 

m 

SV=-E{Ve J (V ej V)-Vv. J e j n 
3=1 
n n 

= "EE( e /- V e J e i) {WtXiw) n*(X ilp{x) ) 

i=l 3=1 



= ^2 Ax (W,XiTj,(.)) ir*(Xi^( x -)). 



i=i 



We have Proposition 2.3. □ 

3. Determination of the bitension field 

Now, let 9 be the Maurer-Cartan form on G, i.e., a g- valued left 
invariant 1-form on G which is defined by y (Z y ) = Z (y G G, Z G g). 
For every C°° map up of {M,g) into (G/K, h) with a lift ifj : M — >■ G, 
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let us consider a g- valued 1-form a on M given by a = ip*9 and the 
decomposition 

a = a.% + a m (3-1) 

corresponding to the decomposition g = t © m. Then, it is well known 
(see for example, [2]) that 

Lemma 3.1. For every C°° map y? : (M,g) — > (G/K, h), 

m 

fy(*)-i* 7 "( < P) = -fi( a m3 + HK( e *)' «m(ei)], (a: G M), 



(3.2) 



where a = ip*9, and 6 is the Maurer-Cartan form of G, 5(a m ) is the 
co- differentiation of m-valued 1-form a m on (M,g). 

Thus, if : (M,g) — > (G/K, h) is harmonic if and only if 

m 

-5(a m ) + J2[a t (ei), a m (ei)] = 0. (3.3) 



Furthermore, we obtain 
Theorem 3.2. We have 



U{x)-uT*(ip) = A g -5(a m ) + ["t(ei), a m (ei)} 



i=i 



+ E 

3 = 1 



-5(a m ) + Y [«t(ei), ttm(ei)] , «m(e s ) 



i=i 



(3.4) 



where A g is the (positive) Laplacian of (M,g) acting on C°° functions 
on M, and {e i }™ =1 is a local orthonormal frame field on (M,g). 



Therefore, we obtain immediately the following two corollaries. 

Corollary 3.3. Let (G/K,h) be a Riemannian symmetric space, and 
if : (M,g) — > (G/K,h), a C°° mapping. Then, we have: 

(1) the map <p : (M,g) — > {G/K, h) is harmonic if and only if 

m 

-S(a m ) + i a t( e i)i «m(ei)] = 0. (3.5) 
i=i 
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(2) The map ip : (M,g) — > (G/K, h) is biharmonic if and only if 
A 9 S(a m ) + M^), am(ei)] 



i=i 



s=l LL 



-8(a m ) + [«t(ej), a m (ei)} , a m (e s ) 
i=i 



, Q: m (e s ) 



= 0. 



(3.6) 



Corollary 3.4. Let (G/K,h) be a Riemannian symmetric space, and 
p : (M,g) — > (G/K, h), a C°° mapping with a horizontal lift ip : M — > 
G, i.e., p = n o ip and ip x (T x M) C i/^( x ) which is equivalent to a^ = 0. 
Tnen, we nave: 

(1) i/ie map </? : (M,g) — >■ {G/K, h) is harmonic if and only if 

5(a m ) = 0, (3.7) 

(2) and iae map </? : (M,g) — >■ {G/K, h) is biharmonic if and only if 



5d5(a m ) + ^ [[5(a m ),a m (e s )] ,a m (e s )] = 0. 



(3.8) 



s=l 



Proof of Theorem 3.2. 

We need the following lemma: 

Lemma 3.5. The tension field r((p) of a C°° map p : (M,g) — >■ 
(G/K,h) can be expressed as 

T{(p)=ir*W = ir*(W H ), 

where W G Y(ip~ l TG) , and W H is the horizontal component of W in 
the decomposition W(x) = W v (x) + W H (x) G T^ X )G = V^ x ) © H^ x ) 
(x G M). If we define an m-valued function (3 on M by 



J2(w,x i )x i = J2(w H ,x i )x i , 



i=i 



i=l 



then, we have 

If we define n m-valued functions (i — 1, • • • , n) on M by 

n 

Pi := 53(V ; *e i ,X iV , ( . ) )X i G m. 

Then, it holds that 

tip( x )*~ 1 p*e i = ir*(3i and Pi = a m (ej), 



(3.9) 
(3.10) 
(3.11) 
(3.12) 
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where the m- component of a := 1^*6, and the Maurer-Cartan 

form on G. 

Indeed, (3.10) and the first part of (3.12) follow from the definition 
of /3 and the fact that 

a{e t ) = (POX*) 

= Q(i>* e i) 

(n I 
^2(i>*ei, Xj^) Xj^) + ^2 (V ; * e j) Xj^x)) Xj^x) 
j=l j=n+l 

n I 

= ^2ii J * e i,X j ^ x )) Xj + ^ (faeijXj^)) Xj 

j=l j=n+l 

since a = ip*6. Thus, we have = a m (ei). □ 
{Continued the proof of Theorem 3.2) We have 

n 

t^( x )*~ ¥* e i = ^2(^*^1, Xj^( x )) TT*(Xj) e T (G/K), 

i=i (3.13) 

where o = {K} e G/K is the origin of G/K. Because, 

tip(x)* ^P*&i ti/j(x) * ^T* 1p*&i 7T* -^ip[x) * ^P*&i 7t* i^-^tpix) * V^* ^i)vx 

which coincides with 

n n 

^(Liptx)*" 1 4>*ei,Xj) ir*(Xj) = ^2(4>*ei, Ij^)) ir*(Xj), 
3=1 i=i 



which imply (3.13). 
Thus, we have 



(p*e i = Tr*W i (i = 1,- ■ ■ ,m), (3.14) 



where Wi G l TG) and m-valued functions Wi on M (i — 1, • • • , m) 
are given by 

n 

Wi(x) := ^(ip^Xj^x)) Xj^x), (3.15) 

n 

Wi(x) := ^{^*ei,Xj^ x) )Xj E m, (3.16) 
i=i 

for each x e M. 
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On the other hand, we have 

T(<p)=ir*W, (3.17) 

where W G T{ip~ l TG) and an m-valued function W on M are given by 

W(x) := tj,( x )* S(a m ) + J2\- a i( e i)' a m( e i)} > 

V i=i / (3.18) 

m 

W := -5(a m ) + 5>*(ei), « m ( ei )] (3.19) 

i=l 

for each x G M. And we also have 

^(x)* _1 Ar(ip)(x) = A -5(a m ) + ^[0^), a^e;)] (x) (x G M), 

V *=i / (3.20) 

where A = 5 d is the positive Laplacian acting on the space of all C°° 
m-valued functions on M. 

We want to calculate TZ.(r((p)) = Y^=\R h ij{.'{ ) )i i P* e -d i P* e i- Indeed, 
we have 

m 

t^ x) r 1 n{T{ (p )) = - y £[[w,w i ],w i ] 

1=1 

m m 

= ~ ^2[[S(a m ) + Y^Mei), a m (ei)}, 

S=l 1=1 

a m (e s )],a m (e s )]. (3.21) 

Here, we used the formula of the curvature R h of the Riemannian 
symmetric space (G/K,h) ([8], p. 202, p. 231, Theorem 3.2) : 

(R h (X, Y)Z) = -[[X, Y],Z] (X, Y, Z G m) . 

Thus, we obtain Theorem 3.2. □ 

Let us recall the integrability condition for a C°° mapping tp : (M, g) — > 
(G/K, h). The Maurer-Cartan form on G satisfies 

d0 + ^[0A0] = O, (3.22) 

so that the pull back a = ip*6 of 9 by the lift ip : M ->■ G of ip : M — >■ 
G/K also satisfies that 

da + haAa] = 0, (3.23) 
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which is equivalent to 



da t + - [a t A at] + ^[a m A a m ] = 0, 



da m + [at A a OT ] = 0. 
Summarizing up the above, we have 



(3.24) 



Theorem 3.6. Let (M,g) be an m- dimensional compact Riemannian 
manifold, (G/K,h), an n-dimensional Riemannian symmetric space, 
it : G ->■ G/K, the projection, and p : (M,g) ->■ (G/K,h), a C°° 
mapping with a local lift if) : M — >■ G ? </? = tto^. Lei a = 6e t/ie pit// 
6acfc of the Maurer-Cartan form 9, and a = at + a m , the decomposition 
of a corresponding to the Cartan decomposition q = t © m. 

(I) The mapping ip : (M,g) — > (G/K, h) is harmonic if and only if 



-S(a m ) + 5^[a((ei), a m (ei)] = 0, 



(3.25) 



i=l 



where 5 is the co-differentiation, and {e i }™ 1 is a local orthonormal 
frame field on (M, g) . 

Furthermore, p : (M,g) — > (G/K, h) is biharmonic if and only if 



A -5(a m ) + ^2[at(ei), a m (ei)} 



+ E 

s=l 



-5(a m ) + Y^l a *( e i)' a m(ei)}, a m (e s ) 



i=i 



, Q: m (e s ) 



0, 



(3.26) 



where A = 5d is the (positive) Laplacian of (M,g) acting on the space 
of Q-valued C°° functions on (M,g). 

(II) Conversely, let a = at + a m be a Q-valued 1-form on (M,g). 
If a satisfies (3.23) or (3.24), and satisfies (3.25) (resp. (3.26),), then, 
there exists a C 00 -mapping p of M into G with a local lift ip : M — > G, 
tp — n o ip and the initial value p(p) = a e G at some p e M such that 
a = ip*9 and p is a harmonic (resp. biharmonic) map of (M,g) into 
(G/K, h). 



4. Biharmonic curves into Riemannian symmetric spaces 

4.1. Let p : (R,g ) ->■ (G/K,h) be a C°° curve, and ip : R ->■ G, 
a lift of </?, ((/? = not/;). Then, a = = ip~ l dip = F(t)dt is a 
g-valued 1-form on R and F is a g-valued function on R satisfying 
ip(t)~ 1 ^ = F(t). Conversely, for a Q- valued c7°° function F(f) on R, 
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there exists a unique C°°-curve : R — > G which satisfies that 

*<«>-'£ = *■(«), (4.1) 
^(0) = x e G. 

To give an explicit solution ip of (4.1) is very difficult for us, in 
general, since G is not abelian. However, corresponding to the decom- 
position q = i © m, we decompose F(t) = F t (t) + F m (t), a t = F t (t)dt, 
and a m = F m (t)dt, so we have 

8a = -(VeJHeO) = -V* (a(ei)) = -e x {F{t)) = -F'(t), 

and 

Sa m = -F m '(t). 
Thus the harmonic map equation (3.25) is 

F m '(t) + [F t (t),F m (t)] = 0, (4.2) 

and the biharmonic map equation (3.26) is 

-^W(t) + m),F n (t)]) 

+ [[F m '(t) + [F t (t),F m (t)],F m },F m ] = 0. (4.3) 

In these cases, the integrability condition (3.23) always holds, so that 
the existence of ip of (4.1) is always true. 

Let us recall that a lift ip{t) is horizontal \i ip*(T x M) C L # ^ x )(m) if 
and only if F t = 0. In this case, (4.2) is equivalent to 

F m '(t) = 0, (4.4) 

which implies that F m (t) = X G m (constant). So that F(t) = X e m. 
Then, we have 

ip(t) = x exp(tX), (p(t) =xexp(tX) K e G/K. (4.5) 
Furthermore, (4.3) is equivalent to 

-F m "'(t) + [[F m '(t),F m (t)],F m (t)} = 0. (4.6) 



Example Assume that (G/K,h) is of the Euclidean type. In 

this case, m is an abelian ideal and t acts on m by [T, X] = T • X 
(T E t, X E m) regarding t as a subalgebra of gl(m). Then, we have 

(1) ip : (M, g ) — >■ (G/K, h) is harmonic if and only if 



Fm'(t)+^(t)-i ? m(t) = 0. 



(4.7) 
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(2) tp : (M, go) — > (G/K, h) is biharmonic if and only if 

^(F m '(t) + F e (t).F m (t))=0 

which is equivalent to 

F m '(t) + F t (t)-F m (t) = At + B 



(4.8) 
(4.9) 



for some A and B in m. Thus, if ip : (K, <?o) ~~ * G is horizontal, i.e., 
F( = 0, then, -F m (t) = C (a constant vector in m) for the case (1), and 
F m (t) = At 2 + Bt + C for the case (2). If [A, B] = [B, C] = [C, A] = 0, 
then ip(t) = exp(t 2 A + 1 B + C) and (p(i) = ip(t) ■ {K} is a biharmonic 
curve in a Riemannian symmetric space (G/K,h) of the Euclidean 
type. 

4.2. Biharmonic curves into rank one symmetric spaces. In 

this subsection, we study biharmonic curves in a compact symmetric 
spaces (G/K, h). 

(1) Case of the unit sphere (S n ,h). Let G = SO(n + 1) act on 
]R n+1 linearly, and K = SO(n) be the isotropy subgroup of G at the 
origin o = *(1, 0, • • • ,0). Their Lie algebras q = so(n + 1), t = so(n) 
and the Cartan decomposition g = t © m are given by 

g = 50(n + 1) = {X e Ql(n + 1) : X + l X = O}, 



t = so(n) 



(0 


••• \ 













1 



: X 1 egl{n),X 1 + t X 1 = 



m 







ft 


J 



: U = *(«!,-•• ,«n) el" 



For a m- valued C 00 function F m (t) given by 
F m (t) 



( 


-u x {t) ■■■ -u n (t) \ 













J 



(4.10) 



and Ft = 0, the biharmonic map equation (4.7) is equivalent to 

w/ Uj)uj = (« = 1, • • • , n) 



-Ui 



+ E( 



(4.11) 
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which is also equivalent to 



-u 



(u', u)u — (u, u)v! = 0, 



(4.12) 



where the inner product ( , ) on M, n is given by (u, v) = J27=i u i v i f° r 
u,v e R n . 

Case of n = 2. Our problem is to find a C°° plane curve which sat- 
isfies (4.12). To do it, we assume that u(t) is reparametrized in such a 
way that u(s) is a tangent curve of a plane curve p(s): u(s) = p'( s ) — 
e±(s). For the other cases, we have no idea to solve (4.12). Recall the 
Frenet-Serret formula for a plane curve p(s): 



r p'(s)=e 1 (s), 
ei(s) = k(s) e 2 (s), 

= e i( s ) 



Now we have 



u = ei, 



it 

u" 
in 



= e. 



/ce 2 , 



k e 2 + k e' 2 = — k 2 ei + e 2 , 
■u " = —3k ei + (k" — k 3 ) e 2 . 

Since (u',u) = and (u,u) = 1, (4.12) is equivalent to 

—3k k = 0, 

Hi hi — — /"bj 



(4.13) 



(4.14) 
(4.15) 
(4.16) 
(4.17) 

(4.18) 
(4.19) 



By (4.18), k = c (a constant), and by (4.19), c = 0, 1, —1. Thus, we 
have 

(i) In the case of c = 0, 

p(s) = s a + b, u(s) = a, (a, b e R 2 ), 



(4.20) 
(4.21) 

(4.22) 

Now it is easy to find V : K ->■ G and y?(t) = ^(i) {K} E G/K 
satisfying ^{t)~ 1 ^ = F(t) = F m (t) for such u(t) in (4.12). 



(ii) in the case of c = 1, 

p(s) = (cos s, sins), u(s) = (— sins, cos s), 
(Hi) in the case of c = — 1, 

p(s) = (cos s, — sin s), u(s) = (— sin s, — cos s). 
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Case (i): If a = \a, b) e M 2 , we have due to (4.1), 

( cos(t Va 2 + b 2 ) \ 

<p{t) = m {k} = x 



in(t Va 2 + b 2 ) 



(4.23) 



which is a great circle of the standard 2-sphere (S 2 , h). 

Cases (ii) and (Hi): In these cases, if we assume F{ = 0, we have 




L ° 


sint 


— cos t \ 


— smt 





o J 


y cost 








(4.24) 



i o 


sint 


cost \ 


— smt 





o J 


y— cost 








(4.25) 



for Case (Hi). In these cases, because of [F m (t), F m '(t)] ^ 0, it is difficult 
for us to give explicitly a unique solution of the initial value problem 
of 



dt 



= F(t) and V(0) = a G 50(3). 



(4.26) 



Case of n = 3. In this case, we have to solve for a C°° curve w : R — > 

(4.27) 



5 , the equation (4.12) which is equivalent to 

-u" + u x (u x u) = 0. 



To do it, we assume that u(t) is parametrized in such a way that w(s) 
is a tangent curve of a C°° curve in IR 3 , p(s) : -u(s) = p'(s) = Gi(s). 
Recall the Frene-Serret formula for a curve p(s): 



ei = 
e 2 ' = 
I e s ' = 



ei 

-nei + re 3 
-re 2 



(4.28) 



where k and r are the curvature and torsion of p(s), respectively. By 
making use of (4.28), we have 



u 
u 

u'" 



ne 2 

—n 2 ei + ft'e 2 + /tre 3 



-3/^'ex + («" - k, 3 - KT 2 )e 2 + (2«V + «r')e 3 . ( 429 ) 
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-3«k' = 
2k't + kt' = 0. 
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// 3 2 

K — K — KT = —K 



(4.30) 



By the first equation of (4.30), k — Kq (a constant). In the case /to = 0, 
u(t) = a G R 3 (a constant vector). In the case k ^ 0, by the third 
equation of (4.30), r = t (a constant). By the second equation of 
(4.30), k,q 2 + tq 2 — 1- Then, p(s) = *(a cost, a sint, 6t), with s = 
\/a 2 + 6 2 1. Here, re = a/(a 2 + 6 2 ), and r = 6/(a 2 + b 2 ), and 1 = 
K o 2 + t'o 2 = l/(a 2 + b 2 ), i.e., a 2 + 6 2 = 1. Therefore, we have 



p(t) = \a cos t, a sin t, bt) , 

■u(t) = p'(t) = *(— asint, a cost, b), 



(4.31) 



where a and 6 are constants with a 2 + b 2 = 1. Thus, F m (t) with F t = 0, 
is given by 



F m (t) 



I 





asint —a cost 


-b\ 




-a sin t 








a cost 


O 




\ 


6 




J 



(4.32) 



Thus, we derived only to solve explicitly the initial value problem (4.26) 
which is a difficult problem for us. 

Case of n > 2 . In this case, the other-type solutions exist: 

i th 

Let u = (ui, ■ ■ ■ , u n ) = (0, • • • , 0,^^, 0, • • • , 0) (i — 1, • • • , n). Then, 
for such u, the equation (4.12) is reduced to v 1 " = 0. Thus, we have 
v(t) = D t := at 2 + bt + c for some constants a, b and c. Thus, F m (t) is 
given by 



F m (t) = D t 



/_P_ 


1 



••• -1 ••• \ 



o 



(4.33) 



/ 
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Thus, 





1 cos dt 


•• 


• — sin dt ■ 


• 


\ 







•• 





• 




ip(t) = x exp (^J F(s)ds^j = x 


sin d t 


•• 


cos d t 


• 






V o 


•• 





• 


/ 



where d t := ft 3 + \t 2 + ct. So, we have a biharmonic curve into (S n , h): 
(p(t) =^{t){K} = x\cosd t ,0,--- ,0,sind t ,0, ••• ,0), 

(4.34) 

for x G SO(n + 1), where d t := ft 3 + \t 2 + ct. Furthermore, tp(t) is 
harmonic if and only if a = b = 0. 

(2) Case of the complex projective space (CP n , h). 

Let G = SU(n + 1) act on the projective space linearly on CP n = 
{[z] : z E C n+1 \{0}}, and K, the isotropy subgroup of G at o = 
*[1, 0, • • • ,0]. The Cartan decomposition g = t © m is given by 

q = {X e fll(n + l,C)-X + t X = 0, trX = 0}, 
l=\y~^ a x] : a eM,XG [(n,C), t X + X = O, 



^Ta + trX = 0} , 



m 



o -V 



z e C n 



v V / 

For a C°° m- valued function F m (t) given by 



F m (t) 



( 


- Zl (t) ■■■ -z n (t) \ 


Z1 (t) 






O 


Vn(t) 


J 



(4.35) 



where Zi(t) = Ui(t) + y/—lvi(t) Ui(t) and Vi(t) are real valued C°° 
functions (i = 1, • • • ,n), and F t = 0, the biharmonic map equation 
(4.6) is equivalent to 

n 

~ z i + ^ {{ z i Zj — Zi Zj) Zj - Zi^ZjZj — Zj Zj)} = 

i=i (4.36) 



for all % 
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1, • • • , n. Notice here that this (4.36) can be written as 



-z'" + 2 (z, z') z - (z', z)z- (z, z) z' = 0, 



(4.37) 



where {z, w) = X^Li z ^ f° r ^ wo ^"-valued functions z and w in t. If 
we write z = u + \/— Ti>, where u and v are M n -valued functions, then 
(4.37) is equivalent to 

-u'" + An (-v 2 v! + uvv') = 

2 , n (4-38) 



-v'" + 4n (u v u' - u v') -- 
One can find the following solutions of (4.38): 

(i) u = D t = at 2 + bt + c and v = 0, 

(ii) u = and v = D t = at 2 + bt + c, or 
(m) u = v = D t = at 2 + bt + c, 

where a, 6 and c are constant vectors in 1 
we can find F m (t) of (4.35) as follows: 



Corresponding to these, 



F m (t) = D t 



( 


- Zl (t) ••• -z n (t) \ 


Z1 (t) 









\Zn(t) 


) 



(4.39) 



1. 



where zi(t), • • • , z n (t) are 

Case (i): Z\(t) — ■ • ■ — z n (t) 

Case (ii): z±(t) — • • ■ — z n (t) = 

Case (Hi): z\(t) — ■ • • — z n (t) = 1 + y/— 1, 
correspondingly. In each cases, we can find ip(t) by the same way as 
the case of (S n , h), and a biharmonic curve in (CP™, h): 

Case (i): ip(t) = x ^cos^ d t ) , ^ sin( v /nd t ), • • • , ^ sin( v /nrf t )], 

Case (ii): 
Case (Hi): 



<p(t) = X*[cOs(y/ndt), 8111(01 dt), 



x COS 



2nd 



/2n 



sin 



2nd t ), 



i sin( v/ndt)], 
sin(\/2nd t )], 



where d< := 1 1 3 + 1 1 2 + ct, a, b and c are constant real numbers, and 
x G SU (n + 1). Each <p : (R, (fa) — >■ (CP™, /i) is harmonic if and only if 
a = b = 0. 



(3) Case of the quaternion projective space (HP™, h). 

Let G = Sp(n + 1) = {x G C/(2ra + 2)1*2; J n+ iX = J n +i}, where 

J n+ i = ( ? ^/-t 1 I > an< ^ Ai+i * s the identity matrix of order n + 

\— -<n+l U J 

G acts on the quaternion projective space linearly on HP™ = {[z\ : z G 
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HP +1 \{0}}, and K = Sp(l) x Sp(n) is the isotropy subgroup K of G 
at o — 0, • • • ,0]. The Cartan decomposition q = t © m is given by 

= sp(n + 1) = | ^ ^j\A,Be M n+1 (C), ^ + A = O, *S = £ j , 



I = sp(l) x 5p(n) 








y 





\ 





X 





Y 




-y 












\o 


-Y 





X 





x G 



m = < 



/ 





z 







\ 



















-W 





z 




V 


-W 





-*z 





/ 



-m, y G c, 
x,y e M n (C), t x + x = o, t F = r}, 

Z,W G M(l,ra,C) 



For a C°° m- valued function F m (t) given by 
F m (t) 



( o_ z o \ 

-*Z O HV O 

q_ -W o z 

V-W o -*z o J 



(4.40) 

where Z = Z(t) = (*i (*),••• ,z n (t)), W = W(t) = (w 1 (t) : --- ,w n (t)), 
and for F m in (4.40) with F t = 0, the biharmonic map equation (4.6) 
is equivalent to 

f -Z'"-(|Z| 2 + |^| 2 )Z 

+ (2(Z, Z') + 2(W, W) - (Z', Z) - (W, W))Z 

+ ((Z',W) - {W',Z))W = 0, 

-w"'-{\z\ 2 + \w\ 2 )w (441) 

+ (2(Z, Z') + 2(W, W) - (Z', Z) - (W, W))W 
+ 3((Z',W) -(W',Z))Z = 0, 



where Z' = ( Zl '(t), • • • , z n '(t)) and (Z, := E?=i w^t). 
We find the following solutions of (4.41): 

Case (i): Zi(t) = ■ ■ ■ = z n (t) = D t and W\(t) = ■ ■ ■ = w n (t) = 0. 
Case (ii): Z\(t) = ■ ■ ■ = z n (t) = yf—\.D t and Wi(t) = ■ ■ ■ = w n (t) = 

0. 

Case (Hi): Z\(t) = ■ ■ ■ = z n (t) = and w±(t) = ■ ■ ■ = w n (t) = D t . 
Case (iv): zi(t) = ■■■ = z n (t) = and wi(t) = ■■■ = w n (t) = 
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The corresponding biharmonic curves into the quaternion projective 
spaces HLP n are given as follows: 
Case (i): 



lf(t) = x 

Case (ii): 

(p{t) = x 
Case (Hi): 



cos(y/nd t ), — — sm(^/nd t ), 
v ^ 



sm(\/nd t ) 



cos(\^nd t ),i—= sm(^/ndt), • • • , i—j= s\n(y/nd t 



ip(t) = x 
Case (iv): 
ip(t) = x 



cos(y/nd t ), -j—j= s\n(y/nd t ), • • • , -j—^= sm(y/nd t ) 



1 



cos(\/n d t ) , k—j= sm(\^nd t ), ■ ■ • , k—= sm(^/nd t ) 



n 



Here, x G Sp(n + 1), i, j and k are the quaternions satisfying i 2 = j 2 
k 2 = — 1 and ij = k, and d t = |t 3 + |t 2 + ct, a, b and c are consts 
real numbers. In each case, <p is harmonic if and only if a = b = 0. 



5. Biharmonic maps from plane domains 

5.1. Setting and deriving the equations. In this section, we will 
treat with biharmonic maps of (M, g) into a Riennian symmetric space 
(G/K, h), with dim M = 2. We assume that (M, g) = (fi, g) is an open 
domain in the 2-dimensional Euclidean space M 2 with g = fi 2 go, where 
/i is a positive C°° function on fi, g = (dx) 2 + (dy) 2 is the standard 
Euclidean metric and (x,y) is the standard coordinate on M 2 . 

Let p be a C 00 map from fi into a symmetric space N = G/K with 
a local lift ^0 : fi — > G satisfying ip — ir o ip, where 7r : G — > G/K is 
the standard projection. The pull back of the Maurer-Cartan form 6 
on G by ip is given by 

a = ■ifj~ 1 dip = ip^—dx + ip~ 1 —dy 
ox ay 

= A x dx + A y dy, 

where we decompose two g- valued functions A x := ^ _1 §^ and A y := 
■0 -1 §^ on fi according to the Cartan decomposition g = £©m as follows: 

A X — A X ^ + A X ^ m , Ay = Ay^ + Ay m , 
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which yield the decomposition of a: a = at + a m , where 



a t = A X)i dx + Ay tt dy, a m = A x>m dx + A yjtn dy. 
Then, we have by a direct computation, 



s: i \ -2 J 9A x m dA y m [ . . 

5(a m ) = -» |_ + _J. (5-1) 



Indeed, if we take, as an orthonormal frame field with respect to g, 
ei = )l~§x an d e 2 — -J^- Then, we have 



and 

2 

5(«m) = - 1] {V ei (a m (ei)) - a m (V ei ei} , 
i=i 



we have (5.1). □ 

Next, we have to calculate the harmonic map equation (3.25), and 
the biharmonic map equation (3.26) in this case. 
First, for the left hand side of (3.25), we have 



<K«m) + ^2[®t(ei),a m (ei 



= ^ { ^ + ^ } + ^ /i^ A X , m ] + Ay,, ^ Ay, n ] 

= ^ { ^ + ^ + [A x „ A x , m ] + [^ >t> ^, m ] } . (5.2) 
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For the left hand side of (3.26), since A g = — /i -2 { Jj^ + we have 

m 

A g (-5(a m ) + 5^[a ( (ei), a m (e;)]) 
i=i 

m m 

+ + HM e *)' a m(ei)], a m (e s )], a m (e s )] 



s=l 



i=l 



= ~H 



9 2 



+ 



d 2 



dx 2 dy 2 
dA X m dA 



}("- 2 { 



— 2 f ^-^x.i 



dA 



y,m 



dx dy 

+ [A x ^A x>m ] + [A, i{ ,A, im ]}) 



dx 
rM,, 



+ 



2/,m 



+ 



dA 



y,m 



dy 



+ [A x ,ti A Xtm ] + [A^f, A,,m]; A y ^ n 



A 



(5.3) 



Therefore, we have that if : (Q,g) — > (G/K,h) is biharmonic if and 
only if the right hand side of (5.3) vanish. 

Second, we have to see the integrability condition (3.23) or (3.24). 
We have 

da e + -[a t A a e ] + ^[a m A a m ] 

I (H, t + ?^ + [ AxhAy ^ + [ Ax ^ A A dxAdy 



dy 



dx 



0. 



so that we have 



dA t 

H ?r J — I" [Ax,t, A y ^ {] + [A Xjm , A^m] — 0. 



dy dx 

For the second equation of (3.24), da m + [a f A a m ] = 0, we have 



(5.4) 



<9A 



+ 



&4 



y, m 



Summing up the above, we obtain 

Theorem 5.1. Let Q G M? an open domian, g = fi 2 go, \x > 0, a 
positive C°° function on Q, and g = (dx) 2 + (dy) 2 is the standard 
Riemannian metric on R 2 . on which (x,y) is the standard coordinate. 
Let (G/K,h) a Riemannian symmetric space, with it : G — > G/K, 
the projection. For every C°° map from Q into G/K with a local lift 
ip : Q — )> G such that ip — tt o ijj, let a = ip*6, the pull back of the 
Maurer-Cartan form 9 on G by ip and decompose it in such a way that 
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a = at + a m corresponding to the Cartan decomposition g = t 
Then, 

(1) ip : (ft,g) —> (G/K, h) is harmonic if and only if 



m. 



dA a 



dx 



+ 



OA 



dy 



+ [A x ,i, A 

x.m 



0. 



(5.6) 



(2) <f : (f2,g) —7- (G/K, h) is biharmonic if and only if (5.3) vanishes. 

(3) For £/ie integrability condition, (5.4) and (5.5) mus£ /io/<I 

(4) In particular, for a horizontal lift ip, i.e., at = 0, we have 



d 2 d 2 
+ 



dx 2 dy 1 



+ 



{ dx dy }) 

' - 2 i9P + 9Q\ Q 
\dx dy j' 



,Q 



. 2 (dP + dQ_ 
\ dx dy 

= 0, 



P 



[P,Q] = o, 



d_P + d_Q =Q ^ 
dy dx 



P 

(5.7) 
(5.8) 
(5.9) 



where we put P := a x>m andQ :— a y>m . In the case fi = 1, the following 
three equations must hold for the biharmonic map <p: 

P'xxx Pxyy Qxxy Qyyy 

+ \[Px + Qy, P],P] + \[Px + Qy, Q},Q}= 0, 

(5.10) 

[P,Q] = 0, (5.11) 
P y -Q x = 0, (5.12) 

where we denote P x = etc. 



5.2. Solving the biharmonic map equations. In this subsection, 
we want to give the solutions of the equations (5.10), (5.11) and (5.12). 

To do it, let us consider the special case that P y = and Q x = 0, 
i.e., P(x,y) = P(x) and Q(x,y) = Q(y). Then, (5.12) holds clearly. 
The left hand side of (5.10) coincides with 



i-P + 

1 1 XXX ~ 

+ [[Qv>P 



Px,P 



} + {-Qvw+[[Qv,Q],Q]} 



p 



p 



Px,Q ,Q =o 



Here, we have that [[Q y ,P],P] = and [[P X ,Q],Q] 
have due to Q x = 

-^[[P,Q],Q] = [[P X ,Q},Q]. 



(5.13) 
0. Because, we 

(5.14) 
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But, due to (5.11) the left hand side of (5.14) must vanish. By the 
same way, we have [[Q y , P], P] = 0. 
Thus, (5.13) turns out that 



But, notice that the left hand side of (5.15) is an m- valued function 
only in x and the right hand side of (5.15) is the one only in y, so we 
have 



where c 6 m is a constant vector. 

Notice here that both two equations of (5.16) are the same as (4.6) 
in the case c = 0. So, we can obtain the following two theorems by 
carrying out the similar calculations as in 4.2. 

Thus, we have 

Theorem 5.2. Let (G/K, h) be a Riemannian symmetric space whose 
rank is bigger than or equal to two, q = £©m ; the Cartan decomposition, 
a, a maximal abelian subalgebra of q contained in m. Let X, Y e a be 
two elements in a which are linearly independent. 

(1) Let us take two m-valued functions P(x,y) = (ai x 2 + b\ x + ci) X 
and Q(x,y) = (a2y 2 + b^y + c^) Y , where a^, bi and Ci {% = 1,2) are 
constant real numbers. Then, P and Q are solutions of (5.10), (5.11) 
and (5.12). For such P and Q, there exists a unique C°° map ip from 
Q into G such that if = n o ip is a biharmonic mapping form (fl, go) 
into (G/K,h) with y?(0,0) = x e G for a fixed point x e G/K. 
if : (Q,g) — > (G/K,h) is harmonic if and only if = bi = (i — 1,2). 

(2) Assume that G is a matrix Lie group, i.e., a subgroup ofGL(N, C). 
Then, the above C°° maps ip : Q — > G and ip — ir o ip are given by 



where o = {K} e G/K, d x = f x 3 + ^ x 2 + c x x and d y = fy 3 + 




(5.15) 



Pxxx \\Pxi P~\ ' P~\ ^' 
Qyyy [[Qj/j 0\ i 0\ = C ) 



(5.16) 



ip(x, y) = xo exp(d x X + d y Y) e G, 

ip(x, y) = x exp(d x X + d y Y) • o G G/K, 



(5.17) 



y 2 + C2 y, respectively. 



Proof. We only have to see (2). By the assumption that {X,Y} is 
abelian, we have for the ip(x,y) of the form (5.17), as a matrix of 
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degree N, 

d 

x exp(d x X + d y Y) ■ -r—(d x X + d y Y) 

kJJu 

tp ■ (ai x 2 + b\ x + Ci) X 
^P, 

so we have V'~ 1 f^ — P- By the same way, — so we have 

%l)~ 1 d%l) = P dx + Qdy = a. The mapping ip is the desired C°° mapping 
of Q into G, and due to Theorem 3.6, we obtain a biharmonic mapping 
of (SI, g ) into (G/K, h). □ 




Remark. When a* = 6, = (i = 1, 2), the mapping </? : R 2 — >■ 
(G/K, h) is a well known totally geodesic immersion into a Riemannian 
symmetric space (G/K,h). 

By the similar calculation as the subsection 4.2, we obtain 

Theorem 5.3. For the cases of the standard unit sphere (S n ,h), the 
complex projective space (CP n ,h), the quaternion one (MP n ,h), we 
obtain the following biharmonic mappings of (R 2 ,g ) into them, re- 
spectively. 

(1) Case of(S n ,h): 

ipi(t) =x t (cos(y/n(d x + d y )), 

sin(y/n(d x + d y )), ■ ■ ■ , sin(^/n(d x + d y ))), 
^ ^ (5.18) 

is a biharmonic mapping of (R 2 ,g ) into (S n ,h), where x G G = 
SO(n+l). 

(2) Case of (CP", h): 

<f 2 (t) =x t (cos(y/n(d x + d y )), 

1 sm(y/n(d x + d y )), ■■■ , ^jJ- sm(y/n(d x + d y ))), 

v n (5.19) 

is a biharmonic mapping of (R 2 ,g ) into (CP n ,h), where x G G = 
SU(n + l). 
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(3) Case of(UP n ,h): 

^3(0 =xoXcos(y/n(d x + d y )), 

k k 
—= sin(y/n(d x + d y )), ■■■,—= sm(^/n(d x + d y ))), 

v n v n (5.20) 

is a biharmonic mapping of (M 2 ,g ) into (MP n ,h), where Xo G G = 
Sp(n + 1), and i, j and k are the quaternions satisfying i 2 = j 2 = k 2 = 
— I and ij = k. 

Here, in all the cases, d t = ft 3 + \t 2 + ct for t = x or t = y. 
Furthemore, each <fi (i = 1, 2, 3) are harmonic o/(R 2 , g ) into (S n , h), 
(CP™, h) or (HP™, h) if and only if a = b = 0, respectively. 
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